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The mean reaction (encounter or absorption) time is calculated in terms of the system size and reaction probability 
parameters for three-dimensional systems with diffusioncontrolled dynamics and in which there is spherid, prolate 
spheroidal or ablate spheroidal geometry_ Analytical and numerical comparisons are made among the three geometries. For 
completeness, similar results are derived for a two-dimensional elliptically symmetrical system, and the probability of non- 
absorption (or reaction) is found for a semi-infinite three-dimensional space with prolate or ablate spheroidal symmetry. 

Among the outstanding problems in molecular 
biology is the question of the dynamics of biological 
processes_ That is, by what physical mechanisms do 
biologically important molecules carry out the move- 
ments necessary to ‘their functions in living systems. 
As emphasized by Eigen [ 1 J , one expects diffusional 
encounters between two molecular species to play 

an important role in biochemical reactions and thus 
in their dynamics. Diffusional encounters between sub- 

units of the same protein molecule are also expected 
to be important in protein folding dynamics [2]. In 

addition, diffusional encounters between bacterial 
receptors and various molecules are important in 
bacterial chemotaxis [3,4] _ A quantity of physical 
interest for finite systems of the above icind is the 
mean encounter or absorption time for the two spe- 
cies to diffuse together and interact strongly (coalesce). 
This characteristic time has been estimated for various 
physical situations involving systems with real or as- 
sumed spherical geometry. As emphasized, however, 
by Richter and Eigen [1,5], the assumption of spheri- 
cal symmetry applies well to small molecular species 
but may be quite far from reality for biological macro- 
molecules such as nucleic acids and bacterial surfaces, 

* Supported in part by the National Science Foundation under 
grant No. PCM-7807633. 

in which prolate or oblate spheroidal geometry may 
be more appropriate. Therefore, the main purpose of 
this note is to extend the known spherically symme- 
trical derivation and results for the mean encounter 
time, 7, to elliptically symmetrical geometry in two 
and particularly in three-dimensions (prolate and 
oblate spheroids) by deriving the exact mean absorp- 
tion time for 2 quasi one-dimensional diffusion-en- 
counter problem in which the single variable is one 
of the spheroidal coordinates (the one corresponding 
to the radius for spherical symmetry), in which the dif- 
fusion space is finite and bounded by an inner and 
an outer elliptically symmetrical surface, in which 
there is complete reflection at the outer surface and 
in which there is partia! or complete absorption at 
the inner surface (target) with each encounter. 

In the systems to be considered, the dynamics is 
that of an object subject to random, dissipative forces, 
as well as, perhaps, conservative forces derivable from 
a potential energy function. Such a classical, dynamical 
system is governed by the Langevin equation, which, 
in the overdamped regime of small diffusicn coeffi- 
cients of interest hereiis equivalent to the Smoluchow- 
ski equation [6] with the form 

adat= v- CD(VP +PVY)~, (1) 
whered..,xo, 1 I is the probability density for fmding 
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the particle at position x at time t, if it had been at 
x0 at f = 0. D is the (possibly position dependent) dif- 
fusion coefficient and V(x) is the potential energy 
of interaction (in units of kgT where k, is Boltz- 
mann’s constant and T the absolute temperature) be- 
tween the diffusing particle and the target. At t = 0 
the probability density is considered to be a g-function 
center at x0_ The boundary conditions on the solution 
to eq. (1) are written in terms of p itself and the 
probability current density J(x) which is proportional 
to VP t pVV_ At x = xb, the outer surface, the boun- 
dary condition of Adam and Delbriick [s] is for 
complete reflection, that is Jn(x& the normal com- 
ponent of 3, is zero. At x = xa, the inner, absorbing 
surface, the target, the condition for complete absorp- 
tion is p = 0. If the probability of absorption at each 
encounter with the target is less than one, a mixed 
boundary condition connecting the probability 
density and probability current density at x = xa is to 
be used. 

Since the diffusion equation in spheroidal coor- 
dinates would be extremely difficult to solve directly 
in order to obtain the mean encounter (absorption) 
time, and because a complete sohrtion to the diffu- 
sion problem is, in fact, not needed to calculate T, 
one may proceed from eq. (1) in the following way. 
Let N(x,, t) be the probability of fiilding the diffusion 
particle somewhere in the space (x,, xb) at time t, 
starting from x0_ That is, 

xb 

N(x, , t) = j- d3x p(x, x0, r). (2) 
xa 

As one may readily verify, N(xo, r) satisfies the dif- 
ferential equation in x0 adjoint to eq. (1): 

arvjar = v. - (ovdv) - o(vo v) - (vdv)_ (3) 

With iV(xo, 0) normalized to one, 1 - N(xo, r) is the 
probability of absorption before time r and a(1 - IV)/ 
at is the fraction of particles leaving the diffusion 
space due to absorption at xa between t and t + dr. 
Hence the mean absorption (encounter) time <x0) is 
given by 

4x0) = - 7 dr r aiV/ar = p driV(xo, r)_ (4) 
0 0 

Application of eq. (3) to eq. (4) gives one an ordinary 

differential equation [7] for 7(x0) which may be 
solved exactly in some cases of physical interest as out- 
lined below. 

The three geometries for which the most complete 
results will be given in this note are radial diffusion in 
the space between two concentric spherical shells of 
inner radius ra, the target, and outer radius r,, for 
which some results have already been presented in the 
literature [2,5,8,9] and with which comparisons may 
be made; diffusion in the variable f, (of prolate 
spheroidal shells of inner “size” ga and outer “size” 
<b; and diffusion in the variable u (of ablate spheroidal 
coordinates [ 1 O] ) in the space between an inner 
oblate shell of “size” G, and a confocal outer shell of 
“size” ob_ The three coordinates systems are tabulated 
in table 1 along with the connections between the 
spheroidal size variables and the semimajor and semi- 
minor axes of the coresponding ellipses from which 
the spheroids are generated. Two important geometrical 
quantities for diffusion-collision processes are the 
volume of the diffusion space itself and the surface 
area of the target (the inner surface defined by ra, ga 
or oa)_ Listed in table 2 are the surface area and 
volume for each of the three figures of revolution con- 
sidered here. 

As indicated above, the mean absorption or encoun- 
ter time r may be shown to satisfy a differential equa- 
tion in the initial position x0_ For the one variable 
problems considered in this note, for a constant dif- 
fusion coefficient and for a potential energy depending 
only on the single variable,the differential equations 

may be readily derived and are given in table 3. These 
differential equations may be solved in a number of 
situations of physical interest to obtain 7, when the 
potential energy function and the boundary conditions 
are given. The most general solution is obtained when 
V is unspecified and the boundary conditions are 
dr/dxo = 0, x0 = xb (for complete reflection of the 
diffusing particle) and ydrfdxo = (P/~)T at x0 = xa_ 
This boundary condition applies when the diffusing 
particle has a probability of absorption p and a proba- 
bility of reflection y at the target surface. The param- 
eter I has units of length. Its interpretation depends 
on the physical situation causing partial absorption. 
Different possibilities are discussed in refs. [4] and 
[9] _ For complete absorption at the target surface 
p = 1, -y = 0 and Z does not enter the calculation of r. 
Table 4 lists *the general solutions for the three geo- 
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Table 1 
Coordinates 

Figure Coordinates Xfajor and minor 
axes a) 

Sphere 

Prolate spheroid 

Oblate spheroid 

a) The foci for the spheroids are at x = 0, y = 0, z = kf and the z-axis is the axis of revolution for the three figures. 

Table 2 
Surface area and volume 

Figure 

Sphere 

Prolate spheroid 

- 
Surface area 

4zP 

Vollrme 

$7r 
3 

$r_PE(S2 - 1) 

Oblate spheroid 

Table 3 
Differential equation for 7 

Figure Differential equation- 

Sphere 

Prolate spheroid 

Oblate spheroid 

&{ 
4 rg exp(-V(re>)dr$cbo)= - 5 exp(- We)) 

& I(.$ - 1) exp(-V(Ee>Idrp/dEe)= -g(o’, - l/3) exp(-WEoH 

0; + 1) exp(-V(oe))dre/doe}= -C(O~ + l/3) exp(-V(ue)) 

metries as a function of the starting position of the 
particle. Some particular solutions are discussed below. 

Adam and Delbriick [S] ~ approximately, and Berg 
and Purcell 141, exactly, have calculated 7s for the 
physical situation in which V= 0 and in which each 
encounter with the target results in absorption (~3 = 1, 
7 = 0). Simikx results for the prolate and oblate 
spheroidal geometries have been calculated using 
table 4 and the three exact expressions for the mean 
absorption time are tabulated in table 5. That the 

three formulas are consistent may be noted in the 
limit that the focal distance f + 0. Then 

&.,ti ,!_ and ftan-1,+-l 
2f g-1 I- r 

sothat~~andr~+r~. In order to make detailed 
comparisons among the three cases, one must first 
average ro, E. and o. over the possibie starting posi- 
tions between the inner and outer boundaries. The 
result, denoted by 7, is thus 
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Table 4 
7 for general boundary conditions 

Figure t 

Sphere 
‘b 

Z-Y exoW(r,)) 
r&o) = OS ‘r; s dxx’ exp(-V(x)) +$ 

70 

s 
dxx2 exp(- V(x)) 

7a ra 

Prolate spheroid 
f2 b 

dX(X* - f) exp(- V(x)) i D 
s 

d,, exp( VW) 
Eb 

s 
t 

Y2-1 Y 
dx(x2 - +) exp(- V(x)) 

Oblate spheroid p 

GO 

d.x(x* -f $) exp(- V(x)) + E dY exp(VW)) Ob dx(x* -t $) exp(-v(x)) 
. . Y* + 1 s 
=a Y 

Table 5 
r for complete absorption at target 

Figge Boundary 
conditions 

Sphere 

Pzohte 
spheroid 

Oblate 
spherolid 

7 (s-J = 0 
~pldtolEb = 0 

To(Oa> = 0 
dro/doolob = 0 

f*t.$ - & - 1) 50 + 1 

TP= 60 jf2ht$ 30 -In5o-l - 1 
f2 f2%C& + 1) 

~o=~(o:-o~)+ 3D [tan-’ 00 - tan-’ oa] 

== 
1 7 d3xot(xo) 

I 
sx” d3x0 (5) 

xa I xa 

and the three cases are given in table 6. Again, a check 
of the f += 0 limit verifies the correctness of the spher- 
oidal expressions for % One limit of interest that has 
been discussed by Adam and Delbriick [8] in the 
spherical cases is when the size of the outer boundary 
is much greater than the target. In that limit 

For a prolate spheroidal geometry, the corresponding 
limit is 

(7) 

and for oblate spheroidal geometry, one obtains 

In eqs. (7) and (S), if, in addition to the size restriction 
already imposed, one has & > 1 and oa S 1, the equa- 
tions become the exact analogues of eq. (7) That is, 
in such a limit or., = (f2.&3QE b =and;T,== R 
~20$/3~)ob/oa_ Some other limiting cases of eq. (8) 
are the following 

u,-el, cb<l, 
f”G 

ub/oa% 1, -- To- 30 

that is, To becomes independent of the target “size” 
when or, is very small. Comparing eqs. (6) through (9 j 



Table 6 
Mean absorption tkne averaged over starting positions 

Figore Boundary 7 
conditions 

Prolate Tp(Ea) = 0 
2 Ea + 1 

spheroid drpldEo I sb = 0 
~p=$&;+&-l)h-- 

( 

I$($ - $1 - $ts% - &I 

Ea-1 2 2 
&(.$ - 1) - &#a - 1) 

Oblate 
spheroid 

Table 7 
T for weak partial absorption at the target 

Figge Boundary conditions 7 

Sphere 

Prolate 

spheroid 
dTpldEo = (Pf/Oip, 50 = Ea 
d7pldEolEb = 0 

if 
TP'Dp 

[&(.& - 1) - Ea(#: - I)] = L AV 

tg - 1) Dp A, gp 

Obhte 
spheroid 

drofdoo = car/r, To> 00 = Oa rf [q(& -t 1) - o&f + 1)1= r Av 

d7,/dooiob = 0 TO,=Dg 
3&’ 1) DpA,gO 

one notices that the dependence of Ir on the shell sizes 
can be quite different in each of the three geometries 

considered and may, therefore, have quite different 
sizes for situations in which the diffusion volume and 
the target surface area are the same. 

Referring again to table 4, one may look at a 
physical situation in which V= 0, j3 < 1 and 7 = 1, 
that is, the probability of absorption at the target 
surface for a given encounter is very small. This situa- 
tion may arise, for example, in the folding of g!obular 
proteins from the set of random conformations to the 
native structure [2,9] _ In this limit, only the fust term 
in the expressions for 7 in table 4 are significant. They 
are collected for the three geometries in table 7. As 

shown in table 7, the expressions for 7 take a parti- 
cularly simple form in this case being simply: 

Z - (diffusion volume) (shape factor), 
’ - 02 (target surface area) (10) 

In the one-dimensional and two-dimensional circularl;r 
symmetrical analogues of the three-dimensional situa- 
tion considered here, Karplus and Weaver [9] have 
shown that a formula equivalent to eq. (10) (with a 
shape factor of 1 as in the spherically symmetrical case) 
represents the mean absorption time. Some numerical 
values for the shape factors are listed in table 8. 
Limiting cases for the shape factors are: 
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Table 8 
Shape factors 

r-jlre E (prolate) (7 (ablate) gp go 

2 1.155 0.577 l-71 0.690 
5 1.021 0.204 3.99 0.547 

10 1.005 0.1005 7.89 0.515 
20 1.001 0.0501 15-7 0.505 
50 1.0002 0.0200 39.3 0.501 

100 1.00005 0.0100 78.5 0.500 

Again the behavior may be quite different for the dif- 
ferent geometries_ 

As a fmal example of a special case of the general 
expressions for I- in table 4 consider the situation in 
which there is complete absorption at each encounter 
with the target but that there is a “square” potential 

'Tablk 9 

r-for ‘kquare" beer 

barrier to be surmounted extending out from the target 
to x1 _ Furthermore, let the diffusing particle begin 
its motion outside the barrier region. The results for 
such conditions are given in table 9 for the three cases. 
Ihey correspond to solving the “escape over a barrier” 
problem discussed and solved approximately by 
Garners [llJ_ 

The results in tables 3 through 9 are the main con- 
tent of this note. Application of the formulas to some 
particular biophysical systems will be deferred to a 
subsequent publication_ 

For completeness on the subject of elliptically 
symmetrical diffusion, the results for two other cases 
will be briefly outlined: 
1. Cbnficai elliptic geomet7y (two-dimensions) [lo] _ 

Consider a particle diffusing in the two-dimen- 
sional space between two confocal ellipses defined by 
.$, (inner ellipse) and .& (outer ellipse)_ In this case 
the equation for TV becomes 

(d/dEo)Cc exp(-WO)drE/dEo} 

f2 GE: - 3 _ _- 

=-b 4g-J exP(-WE,)) (12) 

Figure Boundary Potential 7 
conditions barrier 

Sphere 

Prolate Tp(Ea) = 0 v=o, fio'E1 

spheroid dipldEol gb = 0 v=v,, EOGEI 

Oblate rro(f7~~=o v=o, ao>31 
spheroid d~,/dool,b= 0 V'VO, oo< *1 

Ts’s= 
ewW0N-2 -4) 1 1 

[ 1 

(4 -& 
---_p 

30 ra rl 60 

ewW0)f* 
Tpp= 

30 [&(& - 1) - -Ea(FZ - 111 
El+1 

- sh ~l_l 1 
f'Eb(.& - 1) C $ln -_r Eo’l 21 -J-l 

3D 

El -1 2h~o-l 1 
f- f2E1cg - 1) 

[ 
+I 

Ea+l 

30 w-5 l&El+1 El-1 1 
i,= 

exp( V0lf 2 

30 [q&+ 1) -aa(og+l)][tan-'ol -tan-lua] 

-$j (020 -&+ 
f2ah(& + 1) 

3* [taT1-’ 00 - tan-‘cq] 

f2UlG-G -I- 1) 
+ 30 [tan-’ 01 tan- oa] - 
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leading to the resulting general expression for rE N(xo, r) = exp(-t/T) (16) 

X exp(- v(x)) (13) 

This expression may be evaluated in various special 
cases as done for the other geometries. 
2. Semi-infinite diffusion space 

Suppose that the outer reflecting barrier is removed. 
Then the diffusion space extends from a target spher- 
oid to infinity. In this situation the mean absorption 
time is inftite. It is, then, useful to calculate the 
probability that a particle which starts from a given 

position and diffuses in the space will not be absorbed 
after a long time_ Letting xb -+ 00 in eq. (2), N(x,,m) 
is the desired probability_ It satisfies eq. (3) with 
&V/at = 0. The boundary conditions for the prolate 
(oblate) geometry is N + 0 as &-, + &(oo + CF~,) and 
N+ 1 as fO + -(o,-, -+ a). The solutions are (V= 0) 

N5-J 9 

$0 •t 1 I Ea + 1 
- - -)=l -yeo_l hga-1’ 

(n/2 - tan-loo) 

Woo.=)= 1 - (sr/‘,-_-la 
a 

) - 

(14) 

(15) 

In the limit of spherical symmetry, eqs. (14) and (15) 
reduce to iV(rg, -) = 1 - ra/ro, a result well-known 
for spherical diffusing units [ 121. If the semi-infinite 
system has a constant probability density at infinity, 
then the relevant quantity to calculate for these sys- 
tems is the flux into the target at &(a,) as discussed in 
detail by Richter and Eigen [5] _ 

In summary, the mean reaction time 7 has been 
calculated exactly for three-dimensional systems with 
diffusion-controlled dynamics and with prolate or 
oblate spheroidial geometry. Knowledge of 7 allows 
one to have a good approximation for the reaction 
dynamics of the system because one may write 

which has the same time-normalization as the exact 
solution, that is 

m 

P dtN(xo, t) = 7 (17) 
0 

by definition of the mean reaction time. Thus, except 
for the earliest times, knowledge of 7 which may be 
found exactly in many cases of interest, gives one the 
time-dependence of the reaction. 

It is important to realize that the mean reaction 
time and the associated reaction dynamics is obtained 
in this paper for systems with finite geometry and a 
finite number of reactive species. This is in contrast 
with the work of Richter and Eigen [5] who dealt with 
an ipz@zite system with spheroidal geometry and with 
an i@inire number of reactive species whose steady- 
state flux at the target determined the rate constants. 
Thus the results presented in this paper and the results 
obtained in ref. [S] are complementary and together 
cover the range of physical systems for which spheroi- 
dal diffusion-contlolled reactions may be important. 
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